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Renormalization & adimensional models
Renormalization group invariant distributions

Example



RENORMALIZATION & ADIMENSIONAL
MODELS




RENORMALIZATION

Nutshell

m Physical theory with some parameters A — describing some
phenomena

m “Conditions” — temperature, electric field, magnetic field,
pressure — change

m Do we need a new theory?

m Not necessarily. Renormalize parameters A — adjust them but
keep same theory



BALL IN WATER

m Consider a ball of mass m and volume V. Acceleration follows
Newton’s second law
F = ma
m Now put the ball under water (fluid of density p)

m Does Newton’s law hold?




BALL IN WATER

m To accelerate the ball, you need to move the ball and the water in
front of it

m Newton’s law holds if you just renormalize the mass when we
change the density

1
m, = m-+ EVp




QUANTUM FIELD THEORY

Nutshell

m Quantum Field Theory (QFT) — theory of fundamental particles

m Governs how particles behave — particle masses and interaction
strengths

m Combines special relativity and quantum mechanics

m Experimentally tested to extraordinary precision



RENORMALIZATION IN QFT

Nutshell

m Just like the ball in water

m The way particles interact depends on the characteristic energy
of the interaction

m If you want to predict physics at a different energy, don’t throw
out the theory

m Keep the theory, but renormalize the parameters as functions of
energy



RENORMALIZATION GROUP EQUATIONS

m Particles can interact with a cloud of virtual particles

e-

m At larger energies, more loops of particles are relevant

m Parameter dependence on energy governed by differential
equations — reormalization group equations — e.g.,

duog
dinQ

= —BoaZ where By >0



ADIMENSIONAL MODELS

No fundamental dimensional constants in nature [1]
No exotic physics or strings — just QFT

All scales generated by quantum effects

For example, consider Newtonian gravity between two masses

F= Gl

r2
G=6.67x10 "m’kg 's?

Newton’s constant G is dimensional

Must be generated by quantum effects




ORIGINS OF FUNDAMENTAL PARAMETERS

m Adimensional models say there are no fundamental dimensional
constants

m And nothing exotic or dramatic beyond QFT — just QFT

m What is the origin of the fundamental parameters?
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RENORMALIZATION GROUP INVARI-
ANT DISTRIBUTIONS




ARE THEY RANDOM?

m Perhaps fundamental parameters are randomly chosen
m From what distribution?

m If there are no fundamental scales, that distribution had better
not depend on energy

m Can that work? The parameters depend on energy!

m Require distributions that don’t refer to any particular
dimensional scale or energy




CHANGING VARIABLES

m The densities for a parameter y = f(x) and x are connected by

py(y) = px(x) | 7|

where | 7| is the Jacobian for the transformation between x and y

m In this simple one-dimensional case,

dx

7= 5

m The distribution would be invariant under this transformation if
px and py were the same function [2, 3],

P = py = px



CHANGING VARIABLES

Example — scale parameter

m Consider the reals and the transformation x — Ax

m The invariant measure is

u([x,y]) = logy — log x
m The invariant distribution is
1
X

p(x) o

m or equivalently,
p(log x) o const.



CHANGING VARIABLES

Example — invariants

m Suppose that we considered dependent re-scalings for two
parameters, x — Ax and y — Ay

m Invariance cannot uniquely dictate the form of the
two-dimensional prior, as it could be

o FX7Y)
p(x.y) >

m x/y is a group invariant

m The function f isn’t restricted, though it must satisfy

/f(z)dz =1



RG INVARIANT DISTRIBUTIONS

m We want to construct distributions for an adimensional theory’s
parameters that don’t refer to any particular energy scale

m We must construct distributions that are invariant under the
renormalization group evolution

m If we succeed, fundamental parameters could be random draws
from these specific distributions

m If we fail, the parameters must originate in some other way




EXAMPLE




ToTAL ASYMPTOTIC FREEDOM

m We consider a totally asymptotically free QFT [4]

m This means that no parameters blow up at finite-time when we
increase the energy

m Our model contains two particles and two dimensionless
parameters — a and A

m They change how strongly particles interact



ToTAL ASYMPTOTIC FREEDOM

m The parameters depend on energy

m The dependence governed by the renormalization group

equations
dA
m = S/\/\z — SAgAgz ol Sgg4
dag 2
ding Pt

where the coefficients s > 0 and By > 0

m Let’s consider the solutions to these coupled differential
equations
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Figure: Flow contained between attractors



m The attractors are at Rjg and Ryy

m The couplings flow according to

_ MQ)
RQ) = @
]
= RRr + (RUV — R|R) E [1 — tanh (Cln IX(Q) + @)]
with constants C and ©®
m O is an RG invariant
o _
dQ

m This parameter controls the initial value of R(Q) and may be
written as a function of the parameters, ®(R, a)



RG FLow IN siMPLE TAF MODEL

m We compute the Jacobian for a transformation between two
energy scales

m With it, we find an RG invariant measure on (Ryy, Rir),

f(O(R &)
p(R’D‘) & (RIR_ R) (R— RUV)

m Conditional distribution p(R|«a) has poles at attractors

m The factor f(O(R, «)) is arbitrary — unconstrained because © is
RG invariant

m Same form at every scale; though shape of distributions flows as
« flows



RoLE oF f(©)

Controls flow

m The function f(®) must controls the flow of probability from Rg
to Ryy as we increase energy

Now, as an example, consider a standard normal, f(©®) = N (0, 1)
with Rig = 2 and Ryy = 1



MEASURE FLOWS BETWEEN IR AND UV ATTRACTOR

Figure: The measure
moves the probability
mass between the
attractors



CONCLUSIONS

Adimensional models — no fundamental dimensional parameters

m No exotic or dramatic physics beyond what we know

m Can we say anything about the origins of the dimensionless
parameters?

m Yes we can, because they depend on energy

m If they are random draws, they must originate from an invariant
distribution of the renormalization group

m If invariant distribution doesn’t exist, they cannot originate as
random draws

m Sheds light on deep question — origins of fundamental
parameters
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